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We calculate and present an analytic form of the magneto-optical conductivity for the gapped
low-energy Kane model in two and three dimensions separately. The two-dimensional case maps
onto the α-T3 model at a particular value of α = 1/
√
3. In two dimensions, two chiral sectors
exist, between which there are no optically activated transitions. In three dimensions, the extra
dimension of dispersion mixes the two sectors so that intra- and inter-sector transitions can occur.
The latter type of transition can be separated out via circular polarizations of light and shows a
distinct signature in the transverse conductivity.
PACS numbers: 78.20.Ls,71.70.Di,78.67.Wj
I. INTRODUCTION
The Kane model,1 used to calculate the band struc-
ture of zinc-blende semiconductors, has recently gained
interest in the broad study of relativistic materials, which
concerns systems with single-point linear band crossings.
The term relativistic here does not refer to ultra-fast
speeds in the material, but rather that quasiparticle be-
haviour can be described by equations of motion typical
of relativistic particles (massless Dirac fermions, etc.). At
low energy, the three-dimensional (3D) model consists of
two conic bands and a nominally-flat heavy-hole band
(Fig. 1). A tunable gap parameter, Eg, takes the system
from semiconductor (Eg > 0, Fig. 1(a)) to semimetal
(Eg < 0, Fig. 1(c)). At the critical value Eg = 0, the up-
per and lower cones linearize and touch at a single point
intersecting the flat band (Fig. 1(b)), showing the same
dispersion as the pseudospin-1 Weyl semimetal.2,3
The Kane model (detailed in Sec. II) is particularly
interesting on two fronts. The first is mathematical. We
have shown previously4 that when restricted to two di-
mensions (2D), the Kane model maps onto an interme-
diate value (α = 1/
√
3) of the α-T3 model5 which inter-
polates between the pseudospin-1/2 (graphene, α = 0)
and pseudospin-1 (dice or T3 lattice, α = 1) Dirac-Weyl
systems. This makes the 2D Kane fermion a hybrid of
a pseudospin-1 and -1/2 Dirac fermion. The α-T3 has
itself gathered much attention recently with theorists as
an illuminating toy model.6–11
On the physical front, optical measurements have
shown that bulk Hg1−xCdxTe (MCT) at low temperature
and a critical doping of x = xc ≈ 0.17 exhibits so-called
massless Kane fermions.12 That is, this particular phase
is described by the gapless Kane model. There is also
evidence that, in addition to doping, the gap in MCT
can be tuned open and shut with temperature.13 More
recent optics observations by the same group also reveal
the presence of massless Kane fermions in Cd3As2.
14
The magneto-optical conductivity of a system is an
important and useful tool in identifying the quasipar-
ticle behaviour in a material. Signatures of relativistic
fermions are displayed in the locations and heights of
FIG. 1. (Color online) Band structure of the low-energy Kane
model showing its evolution through tuning of the gap Eg. A
chemical potential µ = 0+ fills the lower cone and the flat
band (blue), leaving the upper cones unoccupied (red).
peaks in the optical spectrum, and in the peaks’ modi-
fication through changes in magnetic field strength, B,
and chemical potential, µ.15 With elevated attention fo-
cused on massless Kane fermions, and with magneto-
optical measurements being the main tool used in their
identification, there is a strong motivation for theoretical
investigations into the Kane magneto-optics.
In a previous paper, we used an extended Kane model
(which includes a fourth band at large negative energies
not shown in Fig. 1) to calculate the absorbance of MCT
in the presence of a large magnetic field in order to match
a specific set of experimental data (obtained under a 16
T field).4,12 The large magnetic field made it necessary
to use the extended model, which could only be solved
numerically.
In this current work, we focus on the reduced Kane
model (appropriate for lower fields) which allows for the
derivation of analytic expressions for the Kane magneto-
optics with dependence on a tunable gap, Eg, the chemi-
cal potential, µ, and temperature, T . Analytic derivation
allows for deep insights into the origin of certain features
seen in optical spectra and the resulting mathematical ex-
pression gives the conductivity’s explicit dependence on
various parameters. In addition, these analytic formu-
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2las are now readily available to experimentalists working
on relevant systems at low magnetic field. The following
analysis is done for both the Kane model restricted to 2D
(Sec. III) and open to the full 3D (Sec. IV). Investiga-
tion of the 2D system is relevant to research surrounding
other 2D relativistic systems5,6 and also provides a useful
reference when describing aspects of the 3D system.
II. KANE MODEL
The low-energy Kane model consists of two 2D sectors,
A and B, which are linked by a dimension of dispersive
momentum, ~kz. The Hamiltonian is
Hˆ =
( HˆA ~vkzCˆ
~vkzCˆT HˆB
)
, (1)
where, in the presence of a magnetic field B = Beˆz,
HˆA = γ
 0 √3a 0√3a† E¯g −a
0 −a† 0
 , (2)
HˆB = γ
 0 a 0a† E¯g −√3a
0 −√3a† 0
 , (3)
Cˆ =
 0 0 0−1 0 0
0 −1 0
 . (4)
γ = ~v/
√
2`B is an energy factor with `B =
√
~/eB the
magnetic length scale. x¯ = x/γ wherever this notation
occurs, v is a parameter characteristic of the material
with dimensions of velocity, and [a, a†] = 1 are the Fock-
space operators associated with the quantized Landau
levels (LL) formed in a finite magnetic field. When re-
stricted to 2D by forcing kz = 0, the Hamiltonian reduces
into two independent sectors,
Hˆ2D = HˆA ⊕ HˆB . (5)
As mentioned in the previous section, the 2D Kane
system in Eq. (5) is exactly the α-T3 model with α =
1/
√
3. In that model the value α = 0 (α = 1) de-
scribes the physics of graphene (dice lattice), where
HA and HB pertain to the distinct chiral centres K
and K’, respectively.5,6,9,10,16 In discussions of 3D Kane
fermions,12–14 these two sectors are instead typically
given the label σ = ± and are referred to as a Kramer’s
spin pair. In the 3D case however, non-zero kz mixes
the two sectors via the connection Cˆ. Thus, any such
label on a state only truly describes a distinct chirality,
or Kramer’s spin, at kz = 0. This property is some-
what analogous to Dirac fermions in 3D, where it is a
finite-valued mass that takes the role of connecting two
otherwise independent chiral sectors.17
Equation (1) is a low-energy approximation of the
Kane model. For large magnetic fields, where LL’s are
FIG. 2. (Color online) Landau level energy dependence on
Fock number n of the Kane model at kz = 0 with zero gap,
Eg = 0. Red levels reside in sector A and blue in sector B.
Dashed lines trace out the branches off of which the Landau
levels bud. The n = 3, 4, 5 levels along the flat branch are
only offset here for illustration.
pushed up to higher energies, this Hamiltonian is insuffi-
cient to represent MCT.4,12 When modelling frequency-
dependent the magneto-optical spectrum of MCT under
a 16 T magnetic field in a previous publication, it was
necessary to expand Eq. (1) from a 6 × 6 matrix to the
proper 8× 8 matrix.4,12 This expansion considers the ef-
fect of a fourth band, which is well separated from the
others. While this band does not introduce charge car-
riers at the energies studied, it induces curvature in the
conic bands, altering their energies and wavefunctions.
The magneto-optical conductivity for the 8 × 8 system
must be solved numerically. With the low-energy Hamil-
tonian in Eq. (1) however, the conductivity can be solved
analytically, which is the focus of this paper.
III. MAGNETO-OPTICS IN TWO DIMENSIONS
In this section, we provide the magneto-optical conduc-
tivity for the Kane model restricted to two dimensions
(Eq. (5)). This has already been done via the general
α-T3 model for zero gap.10 We have also recently be-
come aware of the same calulation for the gapped α-T3
model by a method using the spectral representation.16
Our presentation of the 2D magneto-optics here is for
completeness and to supplement the main focus of our
work, which is the 3D magneto-optics.
3FIG. 3. (Color online) Longitudinal part of the magneto-
optical conductivity in the 2D Kane model (black). Contri-
butions from sector A are shown in red and from sector B in
blue. Parameters are T = 0, Eg = 0, µ = γ/2, and η = 0.03γ.
In 2D, sectors A and B are independent, meaning their
contributions to the conductivity can be considered sepa-
rately. In the presence of a magnetic field, the continuous
dispersion in Fig. 1 condenses into discrete LL’s (Fig. 2)
labelled by Fock number n. The eigensystem for sector
A, giving LL energies and their associated wavefunctions,
is
ε¯A0,n = 0 , n ≥ 1 (n 6= 2) ;
ε¯Aξ,n =
(
E¯g/2
)
+ ξ
√(
E¯g/2
)2
+ 4n− 7 , n ≥ 2 ;
ψA0,n = κ
(√
n− 1|n− 3〉, 0,
√
3(n− 2)|n− 1〉
)T
;
ψAξ,n = κ
(√
3(n− 2)|n− 3〉, ε¯Aξ,n|n− 2〉,
−√n− 1|n− 1〉
)T
;
(6)
and the same for sector B is
ε¯B0,n = 0 , n ≥ 0 (n 6= 1) ;
ε¯Bξ,n =
(
E¯g/2
)
+ ξ
√(
E¯g/2
)2
+ 4n− 1 , n ≥ 1 ;
ψB0,n = κ
(√
3n|n− 2〉, 0,√n− 1|n〉
)T
;
ψBξ,n = κ
(√
n− 1|n− 2〉, ε¯Bξ,n|n− 1〉,−
√
3n|n〉
)T
;
(7)
where |m < 0〉 = 0, a|m〉 = √m|m − 1〉, a†|m〉 =√
m+ 1|m+1〉, and κ is a normalization factor (different
FIG. 4. (Color online) Snowshoe diagrams for (a) sector A
and (b) sector B showing the allowed transitions between Lan-
dau levels for the chemical potential µ = γ/2 shown in green.
The spectrum in each panel is the same as in Fig. 2 with the
uninvolved sector shaded to gray.
for each vector). The subscript indices 0 and ξ = ± are
reminiscent of the band labels in the zero-field system for
the flat band, and upper- and lower-cones, respectively.
With the discrete quantization of the continuous bands
under a magnetic field, it is more appropriate to refer
to these as labels for the branches off of which the LL’s
bud. The LL energies over Fock number n are plotted in
Fig. 2 with sector A in red and sector B in blue. It is
admittedly cumbersome to have the sector A Fock index
begin at n = 1 instead of n = 0, like in sector B. How-
ever, the three-element wavefunctions in Eqs. (6) and (7)
are decomposed from the six-element 3D wavefuntion at
kz = 0 (Sec. IV). Thus, in order to remain consistent
with the 3D system, we keep this indexing convention in
the wavefunctions.
The magneto-optical conductivity tensor is calculated
via the Kubo formula in the LL representation.18 In 2D
4this is
σ2Dαβ(ω) =
ig
2pi~`2B
∑
ψ,ψ′
∆nf
∆ε
〈ψ|ˆα|ψ′〉〈ψ′|ˆβ |ψ〉
ω −∆ε+ iη , (8)
where α, β = {x, y}, g is a degeneracy factor (g = 2 in the
Kane model for the two-fold intrinsic spin degeneracy),
ˆα are the current operators, η = 0
+ can be considered
as an infinitesimal scattering rate, and ∆ε = ε′ − ε. The
factor ∆nf = nf (ε)−nf (ε′) ensures that only scattering
events from a filled state ψ (with energy ε) to an unoccu-
pied state ψ′ are included, where nf (x) is the Fermi-Dirac
distribution at temperature T and chemical potential µ.
Because Eq. (5) is reducible to two independent sectors,
Eq. (8) can be calculated for each sector A and B sepa-
rately and then summed. Using the Kane model current
operators ˆα = e·∂Hˆ/∂kα obtained from Eqs. (2) and (3),
the absorptive part of the conductivity is
Re σ2Dxx (ω)
Im σ2Dxy (ω)
}
=
ge2
4~
∑
ψ,ψ′
∆n¯f
∆ε¯
δ(ω¯ −∆ε¯)
×
[
δn′,n−1
∣∣f(ψ,ψ′)∣∣2 ± δn′,n+1∣∣f(ψ′, ψ)∣∣2] ,
(9)
where n¯f (x¯) = nf (x). The overlap functions in the re-
spective sectors are
fA(ψ,ψ′) =
√
3α1α
′
2 − α2α′3 , (10)
fB(ψ,ψ′) = α1α′2 −
√
3α2α
′
3 , (11)
where αi is the i
th element of vector ψ. Equation (9) re-
flects the strict n→ n±1 dipole selection rule in optically
activated transitions between LL’s. Contributions to the
conductivity can be broken down further into flat-cone
(FC) and cone-cone (CC) transitions, so that
Re σ2Dxx (ω)
Im σ2Dxy (ω)
}
=
ge2
4~
∑
ζ=A,B
[(
FC
)ζ
xx
xy
+
(
CC
)ζ
xx
xy
]
. (12)
Note that CC includes both intra- and intercone transi-
tions.
The results for the 2D Kane model magneto-optical
conductivity are
(
FC
)A
xx
xy
=
3
2
∑
ξ=±
∞∑
n=0
(
δξ,+ ± δξ,−
)∣∣n¯f (0)− n¯f (ε¯Aξ,n+2)∣∣( n+ 24n+ 5 ± n− 14n− 3
)
δ
(
ω¯ − |ε¯Aξ,n+2|
)√(
E¯g/2
)2
+ 4n+ 1
, (13)
(
CC
)A
xx
xy
=
1
4
∑
ξ,ξ′=±
∞∑
n=0
(
δξ′,− ± δξ′,+
)∣∣n¯f (ε¯Aξ,n+2)− n¯f (ε¯Aξ′,n+3)∣∣δ
(
ω¯ − |ε¯Aξ′,n+3 − ε¯Aξ,n+2|
)
|ε¯Aξ′,n+3 − ε¯Aξ,n+2|
× (n+ 1)
∣∣6ξξ′ + |ε¯Aξ,n+2|−1 + 9|ε¯Aξ′,n+3|−1∣∣√[(
E¯g/2
)2
+ 4n+ 1
][(
E¯g/2
)2
+ 4n+ 5
] ,
(14)
(
FC
)B
xx
xy
=
3
2
∑
ξ=±
∞∑
n=0
(
δξ,+ ± δξ,−
)∣∣n¯f (0)− n¯f (ε¯Bξ,n+1)∣∣( n+ 24n+ 7 ± n− 14n− 1
)
δ
(
ω¯ − |ε¯Bξ,n+1|
)√(
E¯g/2
)2
+ 4n+ 3
, (15)
(
CC
)B
xx
xy
=
1
4
∑
ξ,ξ′=±
∞∑
n=0
(
δξ′,− ± δξ′,+
)∣∣n¯f (ε¯Bξ,n+1)− n¯f (ε¯Bξ′,n+2)∣∣δ
(
ω¯ − |ε¯Bξ′,n+2 − ε¯Bξ,n+1|
)
|ε¯Bξ′,n+2 − ε¯Bξ,n+1|
× (n+ 1)
∣∣6ξξ′ + 9|ε¯Bξ,n+1|−1 + |ε¯Bξ′,n+2|−1∣∣√[(
E¯g/2
)2
+ 4n+ 3
][(
E¯g/2
)2
+ 4n+ 7
] .
(16)
Each of the summations in Eqs. (13)-(16) have been shifted appropriately to begin at n = 0.
5FIG. 5. (Color online) 3D Landau level energy dispersion with
n and kz dependence up to n = 5. Right-back panel shows
projection along the n-axis, left-back panel projects out the
kz-extrema of each level. Sector A levels are in red, B in blue,
and overlapping zero-energy levels from different sectors are
in purple.
The longitudinal part (Re σxx) of Eq. (12) is plotted in
Fig. 3 for zero temperature (T = 0), zero gap (Eg = 0),
and for a chemical potential such that the zero-energy
LL’s are completely filled and all positive-energy levels
are unoccupied (µ ∈ (0, γ)). The contribution from sec-
tor A is shaded red and sector B in blue, while the total
conductivity is given by the solid black curve. In the
figure’s construction, Dirac-delta functions were substi-
tuted with Lorentzians,
δ(x)→ L(x) = η/pi
x2 + η2
, (17)
using a width η = 0.03γ. The conductivity in each sector
shows the same pattern as the pseudospin-1 Dirac-Weyl
system where peak heights from flat-to-cone transitions
(the dominant contribution) decline monotonically ex-
cept for the reduced-height of the second peak.15
The conductivity in Fig. 3 can also be illustrated us-
ing snowshoe diagrams.15 A snowshoe diagram shows all
of the allowed transitions between LL’s for a particular
µ. The sector A and sector B snowshoe diagrams are
given in Figs. 4(a) and (b), respectively, with µ = γ/2 in
green marking the divide between filled and empty levels.
These diagrams are useful in providing a description of
relative peak height, location, and in detailing the pat-
terns observed with changes in chemical potential. For
example, the reduced height of the second peak in each
sector (Fig. 3) comes from the fact that the second pos-
itive LL (n = 3 for A and n = 2 for B) is the terminus
of only one transtition from the flat branch, owing to
the lack of a zero-energy LL at the n− 1 site. All other
positive LL’s are the final state of two transitions from
the flat branch. In the transverse conductivity (Im σxy),
arrows with mirror symmetry about ε = 0 (such as the
pairs of intercone transitions) make equal and opposite
contributions, effectively cancelling each other out when
both are present (discussed more in the following sec-
tion). The full application of snowshoe diagrams is de-
tailed in Ref.15.
IV. MAGNETO-OPTICS IN THREE
DIMENSIONS
In 3D, LL’s are no longer discrete points in the Hilbert
space, but disperse along kz. In addition, the two sec-
tors A and B mix so that each LL wavefunction is a
six-element vector. The first three elements are associ-
ated with sector A and the latter three with sector B.
The LL’s continue to be labelled as A or B, but the true
distinction between sectors lies only at the kz = 0 limit.
In the 3D regime, the LL energies are
ε¯A0,n(k¯z) = 0 , n ≥ 1 (n 6= 2) ;
ε¯Aξ,n(k¯z) =
(
E¯g/2
)
+ ξ
√(
E¯g/2
)2
+ k¯2z + 4n− 7 , n ≥ 2 ;
ε¯B0,n(k¯z) = 0 , n ≥ 0 (n 6= 1) ;
ε¯Bξ,n(k¯z) =
(
E¯g/2
)
+ ξ
√(
E¯g/2
)2
+ k¯2z + 4n− 1 , n ≥ 1 .
(18)
The associated wavefunctions are
ψA0,1 = κ
(
0, 0,−
√
3|0〉, 0, 0, k¯z|1〉
)T
,
ψA0,n≥3 = κ
(
(k¯2z + n− 1)|n− 3〉, 0,√
3(n− 1)(n− 2)|n− 1〉,
√
3(n− 2) k¯z|n− 2〉, 0, 0
)T
,
ψAξ,n = κ
(√
3(n− 2)|n− 3〉, ε¯Aξ,n|n− 2〉,−
√
n− 1|n− 1〉,
− k¯z|n− 2〉, 0, 0
)T
,
ψB0,n = κ
(
0, 0,−
√
3n k¯z|n− 1〉,
√
3n(n− 1)|n− 2〉, 0,
(k¯2z + n− 1)|n〉
)T
,
ψBξ,n = κ
(
0, 0,−k¯z|n− 1〉,
√
n− 1|n− 2〉, ε¯Bξ,n|n− 1〉,
−
√
3n|n〉
)T
.
(19)
For brevity in Eqs. (18) and (19) only, we have taken
~ = v = 1. By setting kz = 0 in this 3D eigensystem,
one recovers the same 2D eigensystem given in Eqs. (6)
6FIG. 6. (Color online) Snowshoe diagrams illustrating the
complete set of transitions in each of the nine categories de-
fined in the text. In each panel, sector A LL’s are colored red,
sector B in blue, and any branches not involved in the set are
shaded out to gray.
and (7). The energy dispersion in Eq. (18) is plotted in
Fig. 5 showing n and kz dependence together, up to n =
5. On the back-right panel, this dispersion is projected
out along the n-axis showing only the kz dependence of
the levels. On the back-left panel, the extrema of each
LL (which is located at kz = 0) is projected out, giving
exactly the same diagram as in Fig. 2. Sector-A LL’s
are colored red, sector B in blue, and the overlapping
zero-energy levels in purple.
In 3D, the Kubo formula is
σ3Dαβ(ω) =
ig
2pi~`2B
∫ ∞
−∞
dkz
2pi
∑
ψ,ψ′
∆nf
∆ε
〈ψ|ˆα|ψ′〉〈ψ′|ˆβ |ψ〉
ω −∆ε+ iη .
(20)
This differs from Eq. (8) by the integration over momen-
tum. Using the Kane model current operators,
Re σ3Dxx (ω)
Im σ3Dxy (ω)
}
=
ge2
8pi~2v
γ
ω¯
∫ ∞
−∞
dk¯z
∑
ψ,ψ′
∆n¯f
∆ε¯
δ(ω¯ −∆ω¯)
×
[
δn′,n−1|f(ψ,ψ′)|2 ± δn′,n+1|f(ψ′, ψ)|2
]
.
(21)
Now that the two sectors are mixed, the overlap function
is the sum of Eqs. (10) and (11),
f(ψ,ψ′) =
√
3α1α
′
2 − α2α′3 + α4α′5 −
√
3α5α
′
6 . (22)
FIG. 7. Total longitudinal conductivity of the 3D Kane model
with T = 0, Eg = 0, and µ = γ/2 constructed using Eq. (23).
The 3D Kane magneto-optics can be broken down
into nine contributions due to two three-fold distinc-
tions. The first includes intra- (AA and BB) and inter-
sector transitions (AB), making up the set ζ = {AA,
BB, AB}. The second distinction made pertains to
the branches involved: flat(n)–cone(n + 1) transitions
(χ = 1), flat(n + 1)–cone(n) transitions (χ = 2), and all
cone–cone transitions (χ = 3), forming the set χ = {1,
2, 3}. Based on the symmetry of the wavefunctions
(Eq. (19)) and their overlap (Eq. (22)), inter-sector tran-
sitions (ζ =AB) with the A state at Fock number n will
always have the B state at n + 1, independent of which
is the final or initial state in the transition. A collection
of snowshoe diagrams illustrating each of these nine sets
of transitions is provided in Fig. 6. Each panel in the fig-
ure shows all transitions in the set, uninhibited by Pauli
blocking. For a given µ, only those arrows that cross the
energy ε = µ will remain in the diagram. To aid in the
illustration, sector A is colored red, sector B in blue, and
branches not involved in a particular set are shaded out
to gray in each panel. Note that the diagrams in Fig. 6
are at kz = 0 where LL’s can be sorted into sectors A
and B. However, at this value of momentum, AB transi-
tions cannot occur and the diagram is only used to illus-
trate the transitions that occur between levels integrated
across kz.
With the labelling system defined above, the conduc-
tivity in question is the summation
Re σ3Dxx (ω)
Im σ3Dxy (ω)
}
=
ge2γ
8pi~2v
∑
ζ
∑
χ
(
ζχ
)
xx
xy
. (23)
7The full results for the 3D Kane magneto-optical conduc- tivity are
(
AA1
)
xx
xy
= 3
∑
ξ=±
N¯f,ξ(1)Θ(ω¯ + ξE¯g/2)
(
Θ(ω¯2 + ξE¯gω¯ − 1)
(ω¯2 + ξE¯gω¯ + 2)
√
ω¯2 + ξE¯gω¯ − 1
+
1
ω¯2 + ξE¯gω¯ − 4
b 14 (ω¯2+ξE¯gω¯−9)c∑
n=0
(n+ 1)(n+ 2)
[ω¯2 + ξE¯gω¯ − (3n+ 7)]
√
ω¯2 + ξE¯gω¯ − (4n+ 9)
)
,
(24)
(
AA2
)
xx
xy
= 3
∑
ξ=±
N¯f,ξ(2)
Θ(ω¯ − ξE¯g/2)
ω¯2 − ξE¯gω¯ + 4
b 14 (ω¯2−ξE¯gω¯−1)c∑
n=0
ω¯2 − ξE¯gω¯ − (3n− 1)√
ω¯2 − ξE¯gω¯ − (4n+ 1)
, (25)
(AA3)xx
xy
=
4
ω¯
∑
ξ=±
N¯f,ξ(3tra)
(ω¯2 + 2ξE¯gω¯ − 8)2∣∣ω¯4 − (4− ξE¯gω¯)2∣∣
⌊
ω¯4−(E¯2g+12)ω¯2+16
16ω¯2
⌋∑
n=0
n+ 1√
ω¯4 − 4[(E¯g/2)2 + 4n+ 3]ω¯2 + 16 , (26)
(BB1)xx
xy
= 3
∑
ξ=±
N¯f,ξ(1)Θ(ω¯ + ξE¯g/2)
(
Θ(ω¯2 + ξE¯gω¯ − 3)√
ω¯2 + ξE¯gω¯ − 3
+
1
ω¯2 + ξE¯gω¯ − 4
b 14 (ω¯2+ξE¯gω¯−11)c∑
n=0
ω¯2 + ξE¯gω¯ − (3n+ 10)√
ω¯2 + ξE¯gω¯ − (4n+ 11)
)
,
(27)
(BB2)xx
xy
= 3
∑
ξ=±
N¯f,ξ(2)
Θ(ω¯ − ξE¯g/2)
ω¯2 − ξE¯gω¯ + 4
b 14 (ω¯2−E¯gω¯−3)c∑
n=0
(n+ 1)(n+ 2)
[ω¯2 − ξE¯gω¯ − (3n+ 2)]
√
ω¯2 − ξE¯gω¯ − (4n+ 3)
, (28)
(BB3)xx
xy
=
4
ω¯
∑
ξ=±
N¯f,ξ(3tra)
(ω¯2 − 2ξE¯gω¯ + 8)2
|ω¯4 − (4− ξE¯gω¯)2|
⌊
ω¯4−(E¯2g+20)ω¯2+16
16ω¯2
⌋∑
n=0
n+ 1√
ω¯4 − 4[(E¯g/2)2 + 4n+ 5]ω¯2 + 16 , (29)
(AB1)xx
xy
= 3
∑
ξ=±
N¯f,ξ(1)
Θ(ω¯ + ξE¯g/2)
ω¯2 + ξE¯gω¯ + 2
b 14 (ω¯2+ξE¯gω¯−5)c∑
n=0
(n+ 2)
√
ω¯2 + ξE¯gω¯ − (4n+ 5)
ω¯2 + ξE¯gω¯ − (3n+ 4) , (30)
(AB2)xx
xy
= 3
∑
ξ=±
N¯f,ξ(2)
Θ(ω¯ − ξE¯g/2)
ω¯2 − ξE¯gω¯ − 2
b 14 (ω¯2−ξE¯gω¯−7)c∑
n=0
(n+ 1)
√
ω¯2 − ξE¯gω¯ − (4n+ 7)
ω¯2 − ξE¯gω¯ − (3n+ 5) , (31)
(AB3)xx
xy
= ω¯
∑
ξ=±
N¯f,ξ(3ter)
⌊
ω¯4−(E¯2g+8)ω¯2+4
16ω¯2
⌋∑
n=0
√
ω¯4 − 4[(E¯g/2)2 + 4n+ 2]ω¯2 + 4
|ω¯4 − (2 + ξE¯gω¯)2| . (32)
In Eqs. (24)-(32), Θ(x) is the Heaviside step function and the joint-density factor
N¯f,ξ(χ) = δξ,+
[
n¯f (x1)− n¯f (x2)
]± δξ,−[n¯f (x3)− n¯f (x4)]
(33)
8FIG. 8. (Color online) Contribution from AA-type transitions
(black) to the total conductivity (Fig. 7). This is further
broken down into χ = 1, 2, 3-type transitions shown in red,
blue, and green, respectively. These colors are mixed when
overlapping. Indicated with an arrow is the location of the
single χ = 3 peak on this energy scale.
TABLE I. Values of x1–x4 to be used in N¯f,ξ(χ) (Eq. (33))
for the different values of χ.
χ 1 2 3tra 3ter
x1 −ω¯ 0 E¯g2 − ω¯
2+4
2ω¯
E¯g
2
− ω¯2−2
2ω¯
x2 0 ω¯
E¯g
2
+ ω¯
2−4
2ω¯
E¯g
2
+ ω¯
2+2
2ω¯
x3 0 −ω¯ E¯g2 − ω¯
2−4
2ω¯
E¯g
2
− ω¯2+2
2ω¯
x4 ω¯ 0
E¯g
2
+ ω¯
2+4
2ω¯
E¯g
2
+ ω¯
2−2
2ω¯
is different for each of the branch hopping types: 1, 2, and
3. Further, this factor for the cone-cone transitions (χ =
3) is different for intra-system (AA,BB; 3tra) and inter-
system transitions (AB; 3ter) as well. The values of x1–x4
in Eq. (33) for each case are summarized in Table I. The
± in Eq. (33) corresponds to the longitudinal (Re σxx)
and transverse (Im σxy) conductivity, respectively. This
is the only distinction between the two conductivities in
Eqs. (24)-(32).
The total longitudinal conductivity (Eq. (23)) is plot-
ted in Fig. 7 for T = 0, Eg = 0, and µ = γ/2, as in
Fig. 3 (the 2D case). With this µ, there are no intra-
branch transitions present. For a simpler presentation,
the total conductivity is dissected into its three sector-
type contributions: AA (Fig. 8), BB (Fig. 9), and AB
(Fig. 10). Within each of these latter three figures, the
FIG. 9. (Color online) Contribution from BB-type transitions
(black) to the total conductivity (Fig. 7). The coloring of
further dissections is as in Fig. 8. Indicated with an arrow is
the single χ = 3 on this energy scale, which closely overlaps
another peak by chance.
FIG. 10. (Color online) Contribution from AB-type transi-
tions (black) to the total conductivity (Fig. 7). The coloring
of further dissections is as in Fig. 8. Inset is the same but on
a smaller vertical scale.
9χ = 1-type contributions are in red, χ = 2 in blue, and
χ = 3 in green. These colors are in transparency so that
overlapping regions mix (for example, blue and red mix
to purple). In Fig. 10, the contribution is shown inset on
a smaller scale. These inter-sector contributions occur on
such a small scale (about ten times less than intra-sector)
that they cannot be discerned from the total conductivity
in Fig. 7.
The extrema of the dispersive LL’s in 3D (Fig. 5) each
occur at kz = 0. For an individual transition between
two LL’s, as kz is traced out away from the origin, the
separation in energy between two levels in any inter-
branch transition increases. It is the piece at kz = 0
which has the strongest contribution to the integral in
Eq. (21), leading to the square-root singularities present
in Eqs. (24)-(29) and illustrated in Figs. 7-9. The kz = 0
piece lies at the lowest possible value of the energy sep-
aration ω, so that the singluarities occur at the exact
location of the Lorentzian peaks in Fig. 3 and then trail
off toward higher energy. The addition of the tails from
successive peaks adds to an overall linear trend, which
is to be expected for the conductivity of a relativistic
system in 3D.19 If there was an intracone transition, the
associated peak would trail off to the left as tracing out
kz from the origin decreases the separation in the energy
levels involved. Ashby and Carbotte provide a good anal-
ysis of the change in peak location with changing µ for
another 3D relativistic system, the pseudospin-1/2 Weyl
semimetal.20 The patterns involved in the Kane system
are much the same as in the Weyl system, both being
relativistic in nature, and so are not discussed here.
At the energy scale shown, only one intercone (green)
peak is present in each of Figs. 8-10. As in the 2D Kane
conductivity in Sec. III and for the three-band relativistic
system in general, the flat-cone contributions are larger
than the intercone contributions for the intra-sector tran-
sitions (AA and BB). In general, peaks are larger for
transitions between levels with smaller separation in en-
ergy and for transitions occuring at a lower Fock number.
The intercone peaks in Figs. 8 and 9 are indicated with
an arrow. While this peak in the latter figure appears
a higher energy, it is still larger than that in the former
because the peak has a smaller value of n associated with
it.
The discussion of the square-root singularities that
are found in Figs. 7-9 only pertains to the AA and BB
transitions. Because AB transitions cannot occur at
kz = 0, the singular behaviour is suppressed. Instead
these contributions have a regular square-root profile seen
in Eqs. (30)-(32) and Fig. 10, but which are too minor to
be seen in the full conductivity. Square-root profiles like
this are seen in the theoretical modelling of a magneto-
optical study on ZrTe5, which has been identified as a 3D
Dirac semimetal.21,22
Where the effects of the inter-sector contributions can-
not be discerned from the longitudinal conductivity, there
is an impact on the transverse conductivity (Im σxy),
plotted in Fig. 11. In the region of ω ∼ 2.5γ, the curve
FIG. 11. Total transverse conductivity of the 3D Kane model
with T = 0, Eg = 0, and µ = γ/2. Indicated is a dip to
negative values which is a signature of inter-sector transitions
occuring.
FIG. 12. Optical conductivity of the 3D Kane model for light
with right-handed circular polarization with T = 0, Eg = 0,
and µ = γ/2. Indicated is a peak arising only from inter-
sector transitions.
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dips below zero, indicated with an arrow. If the inter-
sector contribution is not included, this dip does not
reach negative values. This gives a clear indication of
communication between the sectors in the 3D conductiv-
ity which does not occur in 2D. Also in this plot, any
cone-cone contribution is exactly zero. With the value
Eg = 0, the low-energy Kane model exhibits particle-
hole symmetry, which is reflected in the overlap function
by the identity
∣∣f(ψζξ,n+1;ψζ′ξ′,n)∣∣2 = ∣∣f(ψζ−ξ,n+1;ψζ′−ξ′,n)∣∣2 . (34)
Visually, this means that all transitions in the snowshoe
diagram that are mirror symmetric about  = 0 have the
same squared-amplitude overlap function. The transi-
tions in each pair have opposite polarization: where one
is from a level n → n + 1, its conjugate will be from
n + 1 → n. The negative sign found in Eq. (33) for the
transverse conductivity means then that these mirror-
symmetric pairs cancel each other out in the transverse
conductivity due to the opposite polarizations. This is
exactly the case of all cone-cone transitions for µ = γ/2
in Fig. 11 (see Fig. 4 which shows mirror-symmetric cone-
cone transitions in the 2D snowshoe diagrams).
The inter-sector contributions can also be pieced out
from the conductivity for circularly polarized light. For
right- and left-handed circular polarizations,
Re σ± = Re σxx ∓ Im σxy. (35)
These are plotted in Figs. 12 and 13, respectively. Only
those transitions with n→ n+1 contribute to Re σ+ and
only n+1→ n to Re σ−. Because of the lack of a Landau
level in the flat branch at n = 2 in sector A and n = 1 in
sector B, there are two positive-energy Landau levels in
which transitions from the flat band are polarized so that
intra-sector transitions are directed n + 1 → n, and the
inter-sector transitions are n→ n+1. Then, by observing
the circular polarized conductivities, these special contri-
butions can be separated out. In Fig. 12, there are two
such peaks where only the inter-sector contribution is ob-
served, the first of which is indicated with an arrow. The
intra-sector singular contribution is relegated to Fig. 13,
where it cannot drown out the non-singular inter-sector
piece. Experimental measurement of the conductivity for
circular polarizations could reveal inter-sector transitions
and could also be used to investigate the transverse con-
ductivity (Fig. 11) by rearranging Eq. (35) in the proper
way.
V. CONCLUSIONS
As detailed in Sec. I, the Kane model for zinc-blende
semiconductors is coming to the front line of relativistic
materials research due to observations of massless Kane
fermions. To supplement the discussions in this field,
we have provided analytic expressions for the magneto-
optical conductivity of the low-energy Kane model in
FIG. 13. Optical conductivity of the 3D Kane model for light
with left-handed circular polarization with T = 0, Eg = 0,
and µ = γ/2. Indicated is a peak arising only from intra-
sector transitions.
both 2D and 3D (Eqs. (12) and (23), respectively). Re-
sults are presented in Figs. 3 and 7 for the longitudi-
nal component of the conductivity (Re σxx) and for spe-
cific values of T = 0, Eg = 0, and µ = γ/2. Other
components—the transverse conductivity (Im σxy) and
for circular polarizations (Re σ+ and Re σ−)—are pre-
sented in Figs. 11, 12, and 13, respectively. We see that in
these latter presentations, there is evidence of the inter-
sector transitions not present in 2D chiral, or relativistic,
condensed matter systems. While we chose to present
conductivities for the simplest values of T , Eg, and µ,
each parameter can be varied, allowing for versatile ap-
plication of our analytical results.
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